properties are of great interest. Much has been discussed about achieving nano grains, but little is known about maintaining grain-size uniformity that is critical for material reliability. An especially intriguing question is whether it is possible
to achieve a size distribution narrower than the one theoretically predicted by Hillert 1 for normal grain growth, a possibility suggested-for growth with a higher growth exponent-by the generalized growth theory 2 unifying the mean-field models of Lifshitz, Slyozov, Wagner (LSW) 3, 4 and Hillert. We show that this can be realized in an appropriately designed two-step sintering route that (a) takes advantage of the large growth exponent in the intermediate sintering stage to form an ultra-uniform porous microstructure, and (b) freezes the grain growth thereon while continuing densification to reach a full density.
The resultant dense Al2O3 ceramic has an average grain size of 34 nm and a much narrower size distribution than predicted by Hillert.
Rapid development of nanocrystalline materials in the past decades has provided much room for improved and emerging properties at the bottom. [5] [6] [7] While the benefits of nano-structuring (e.g., grain boundary strengthening via the Hall-Petch relationship)
is usually attributed to the average grain size, it is the size distribution that matters most to engineering reliability. 8, 9 This is because mechanical, electrical, dielectric, and other failures dictated by an instantaneous or a gradual breakdown event typically happen at the weakest point, which in a polycrystalline material is often associated with a microstructural or chemical inhomogeneity at some grain/grain boundary of an extreme size. Reducing grain size dispersion in nanocrystalline materials is thus a critical challenge.
For polycrystals that follow normal grain growth, in which grain boundaries 3 presumably all have the same energy and mobility and they move to lower the grain boundary energy, Hillert made a theoretical prediction that the standard deviation of the grain size distribution relative to the average grain size, to be denoted as σ, should be 35.4%. 1 Real materials do not have the same energy and mobility for all grain boundaries, which explains why experimental studies always found a much broader size distribution than Hillert's prediction. This is shown by the blue data points in Fig. 1 for a large number of ceramics sintered in various conventional ways 8,10-45 , all having a relative standard deviation σ larger than Hillert's prediction.
Indeed, a combination of a small σ and a small average grain size Gavg provides a measure of material "quality," and the tendency that they increase together as in Fig. 1 may in part explain the appeal of nano materials. This seems to suggest that Hillert's 35.4% standard deviation may be regarded as a lower limit of grain size uniformity, and it may be difficult if not impossible to do better in real materials, including nanomaterials. Whether this proposition can be challenged or not is of much interest in view of the engineering importance of grain size uniformity mentioned above. Supplementary Table S1 . Lower dashed line: Hillert's theoretical prediction. 1 Upper dashed line: hot-pressed transparent (Pb,La)(Zr,Ti)O3 (PLZT) with a known uniform microstructure. 33 Shadowed ellipse is for guidance of eyes.
Outside the field of bulk nanocrystalline materials, it is well known that essentially mono-sized nanoparticles can be obtained by liquid-phase precipitation, growth and coarsening-also called Ostwald ripening, and Ostwald ripening is described by the same LSW model. 3, 4, 46, 47 The common rationale for such uniformity is: in LSW coarsening, not only the driving force diminishes with size because of the familiar size dependence of capillary pressure, but also the diffusion distance increases with size, thus causing the overall growth rate to rapidly decay as the particle coarsens. Mathematically, this observation of faster approach to growth/coarsening stagnation is reflected in a higher growth exponent n, defined by (particle/grain size) n ~ time, which is 3 in Oswald ripening and 2 in normal grain growth. Therefore, one stands to reason that the size distribution narrows with the growth exponent, and if a higher growth exponent can be somehow engineered in sintering, it would be possible to obtain a more uniform microstructure than predicted by Hillert. If so, then ultimate nanomaterials in the lower left corner of Fig. 1 with an ultra-fine as well as ultra-uniform grain size can be realized. How to achieve this in theory and in practice to produce a number of such materials including a dense Al2O3 with 34 nm grain size and σ=0.30, as indicated by the red star in Fig. 1 , is the subject of this work.
The above reasoning is supported by the analytic solution of steady-state size distribution of the growth equation 2 , initially formulated by LSW 3,4 and Hillert 1 ,
Here, α is 0 in normal grain growth and −1 in LSW (Ostwald ripening), G is the size of a growing or shrinking grain/particle, 2γ/G with γ being the interfacial energy is the capillary pressure, Gcr is the critical grain/particle size that neither grows nor shrinks at time t-thereby determining a chemical potential 2γ/Gcr for the system that ensures mass/volume conservation at the same time t, M is the grain boundary mobility in 6 grain growth or
(with D the diffusivity, Ω the atomic volume and kBT has their usual meaning) in particle growth, and a is a length (e.g., atomic spacing) that preserves the dimension. For an arbitrary α≤1, a power-law avgñ Gt obtains with a growth exponent n=2−α≥1, and there is a close form solution 2 of the steady-state size distribution P'(u) with normalized size u=G/Gcr
A more convenient distribution is obtained by using the normalized grain size G/Gavg Normal grain growth with n=2 was firmly established in dense ceramics, e.g., undoped or variously doped Y2O3, CeO2 and ZrO2. 20, 21, 38 Furthermore, it is well known that grain growth in pore-containing ceramics follows n≥3 because the grain boundaries of a larger grain are statistically in contact with more pores, hence sense stronger pinning force. 48 The latter also applies to intermediate-stage sintering, as shown by the orange square in Fig. 3c , measured from the SEM images of polished and thermally etched surfaces. Its micrograph and grain size histogram ( Fig. 4c-d ) 9 again portray a highly uniform microstructure despite the prominent presence of open pore channels. Although a remarkably small σ throughout the intermediate stage of sintering is now established, unfortunately uniformity invariably deteriorates as the density exceeds 90% (see Fig. 3c ), which marks the onset of final-stage sintering in most materials. 49, 50 To make matter worse, it is typical to hold the material at the highest sintering temperature for additional time period to assure full densification, but such practice causes concurrent grain growth that increases σ further. For example, σ reached 0.57 in an Al2O3 ceramic (measured from SEM) after 10 h annealing after attaining nearly full density, as indicated by the green diamond at ρ=100% in Fig. 3c .
It has a visibly deteriorated microstructure ( Fig. 4e) and grain size histogram (Fig. 4f) , making it much less uniform than the 84% dense sample in Fig. 4a-b . The same holds for 8YSZ after 12 h holding after attaining nearly full density: it features a much larger σ ( orange square at ρ=100% in Fig. 3c ) and a visibly less uniform microstructure ( Fig. 4g-h ) than its porous counterpart in Fig. 4c-d . 4i and the grain size histogram in Fig. 4j , it has essentially the same Gavg (34 nm, also shown in Fig. 3a-b by stars, open ones from TEM and filled ones from SEM) and σ (0.30, also shown in Fig. 3c from the red error bars in Fig. 3a-b) as those of the 84% dense sample (the sample before cooling down to T2, Fig. 3a-b. ) Therefore, having faithful templating achieved during T2 sintering, we have demonstrated the feasibility of obtaining a dense nanocrystalline Al2O3 with ultra-uniformity, which is shown as a star in red in Fig. 1 . As also shown in Fig. 1 , two-step sintered nanograin Al2O3 ceramics of a lightly higher σ were too obtained in two of our recent studies. 15, 16 Other two-step sintered ceramics and metals reported in the literature also tend to cluster near the lower left corner of Fig. 1 (in red) , although they all have larger Gavg and higher σ, presumably because of less than optimal powder processing and sintering schedule, and/or inadequate suppression of grain growth during T2 sintering.
It has been recently established that while densification at T2 proceeds by grain boundary diffusion, the low mobility of three-grain or four-grain junctions at such temperature can suppress grain growth. 45, 51 However, after a very long time, a new grain size distribution can still develop, which will feature a broader size distribution because the grain growth exponent tends to be smaller for grain growth that is rate-limited by three-grain and four-grain junctions (e.g., n=1 under three-grain-junction control assuming the number of such junctions is size-independent). 45 Therefore, to assure the success of two-step sintering, the time spent at T2 must be judiciously selected: long enough to obtain full densification, but 13 not too long to trigger eventual grain growth. Provided such best practice is followed, no perceptible grain growth should occur and the ultra-uniform microstructure of intermediate-stage sintering can be preserved while density improves, as we have found here and elsewhere for Al2O3. 15, 16, 55 Hopefully, the above new theoretical insight and success in obtaining a dense nanocrystalline Al2O3 with ultra-uniformity much exceeding the theoretical "limit" predicted by Hillert 60 years ago will encourage the development of other ultra-uniform nanocrystalline materials with superior properties and reliability.
Methods
Powders of α-Al2O3 (purity: 99.958%, average particle size: 4.7 nm) were prepared by high-energy ball milling followed by corrosion and separation. 56 Pressed pellets of powders were heated in air at 10 o C/min to various temperatures, then either held there for a certain holding time or immediately cooled as specified in Supplementary Information. Two-step sintering was conducted by firstly heating the pellet at 10 o C/min to 1150 o C, then, without holding, immediately cooling it to 
